Abstract. We give new information about the relationship between the lowdimensional homology of a group and its derived series. This yields information about how the low-dimensional homology of a topological space constrains its fundamental group. Applications are given to detecting when a set of elements of a group generates a subgroup "large enough" to map onto a non-abelian free solvable group, and to link concordance. We also greatly generalize several key homological results employed in recent work of Cochran-Orr-Teichner in the context of classical knot concordance.
Introduction
There are many situations in topology where the homology type of a space is fixed or is dependent only on coarse combinatorial data whereas the homotopy type, in particular the fundamental group, is a rich source of complexity. For example, for a knot f : S n → S n+2 one sees by Alexander Duality that the exterior, S n+2 − S n , is a homology circle, independent of the "knotting" of the embedding. Similarly, the homology groups of the exterior of an algebraic curve in CP(2) or C 2 are determined merely by the intrinsic topology of the curve. Furthermore, in studying deformations of such embeddings, typically the homology groups of the exteriors do not vary, or are controlled by the combinatorics of the allowable singularities, whereas the fundamental group varies with few obvious constraints. Therefore to define interesting topological invariants of such embeddings, or of certain deformation classes of embeddings, it is vital to understand to what extent the homology of a space constrains its fundamental group. These issues are often profitably studied in purely group-theoretic terms, for if X is a connected CWcomplex then it is well-known that H 1 (X; Z) ∼ = H 1 (π 1 (X)) and that the Hurewicz map induces an exact sequence π 2 (X) → H 2 (X) → H 2 (π 1 (X)) → 1. † Both authors were partially supported by the National Science Foundation; the second author was partially supported by the Alfred P. Sloan Foundation. † Thus group theoretic results quickly translate into results about spaces.
In 1963 John Stallings, in his landmark paper [29] , established a strong relationship between the low-dimensional homology of a group and its lower central series quotients. We review his results in abbreviated form. Recall that the n th term of the lower central series of G, denoted G n , is inductively defined by G 1 = G, G n+1 = [G n , G]. Stallings also defines what we shall call the rational lower central series, G Stallings' Rational Theorem has an elegant reformulation wherein the conclusion is replaced by the conclusion that A and B have the same Malcev Completion. This was made explicit in Bousfield [1] . In 1975 William Dwyer extended Stallings' Integral theorem by weakening the hypothesis on H 2 and indeed found precise conditions for when a specific lower central series quotient was preserved (Theorem 1.3 below) [13] . For this purpose he defined an important subgroup of H 2 (A), denoted Φ n (A), n ≥ 1, as the kernel of H 2 (A) → H 2 (A/A n ). Dwyer's "filtration" of H 2 (A) has equivalent more geometric formulations in terms of surfaces (see Section 1) and gropes. These other formulations and the theorem below played a crucial role in Freedman and Teichner's work on 4-manifold topology that strengthened the foundational results of Freedman-Quinn [24] [14] [21] [20] [22] . • φ induces an isomorphism A/A n+1 ∼ = B/B n+1 .
• φ induces an epimorphism H 2 (A; Z)/Φ n (A) → H 2 (B; Z)/Φ n (B).
For completeness, we include an important result that is missing from the literature. Namely we use the Stallings-Dwyer methods to prove the following "rational version of Dwyer's theorem" for the (rational) lower central series, that, curiously, was not stated by Dwyer nor by Bousfield . Here Φ r n (A), n ≥ 1, is the kernel of H 2 (A; Z) → H 2 (A/A r n ; Z). Indeed for any normal subgroup N of A, we can define Φ N (A) as the kernel of H 2 (A; Z) → H 2 (A/N ; Z). Recall that the n th term of the derived series, G (n) , is defined by H , associated to and containing the derived series, called the torsion-free derived series. For free groups, the torsion-free derived series coincides with the derived series. Using this larger series, the authors established in [5] a precise analogue of Stallings' Rational Theorem (below). In order to state this result we review the definition of the torsion-free derived series. Observe that if a subgroup G (n)
H ] is not only an abelian group but also a right module over
where the action is induced from the conjugation action of
. Harvey was motivated (by the known failures of the quotients by the derived series to respect homological equivalences) to eliminate torsion in the module sense from the successive quotients
H ]-torsion elements, i.e. the elements [x] for which there exists some non-
H ], such that [x]γ = 0. (In fact, it was shown in [16] that T n is a submodule). Consider the epimorphism of groups:
is the quotient of the module
H ] torsion-free module [30, Lemma 3.4] . Hence the successive quotients of the torsion-free derived subgroups are torsion-free modules over the appropriate rings. We remark that if the successive quotients, G (n) /G (n+1) , of the derived series are torsion-free modules (as holds for a free group) then the torsion-free derived series coincides with the derived series.
Theorem 1.4 ([5, Theorem 4.1]).
Let φ : A → B be a homomorphism that induces a monomorphism on H 1 (−; Q) and an epimorphism on H 2 (−; Q). Suppose also that A is finitely-generated and B is finitely related. Then, for each integer n, φ induces a monomorphism A/A
The main purpose of the present paper is to prove an analogue of Dwyer's Theorem for the torsion-free derived series. In order to state the results, we first define the appropriate analogue of Dwyer's Φ n . The obvious analogue: the kernel of
(n) ) turns out to be the wrong one.
Definition 1.5. Suppose N is a normal subgroup of a group A. Let Φ N (A) be the image of the inclusion-induced H 2 (N ) → H 2 (A). Equivalently Φ N (A) consists of those classes represented by maps of closed oriented surfaces f : Σ → K(A, 1) such that f * (π 1 (Σ)) ⊂ N . Such surfaces will be called N -surfaces of A.
, or, equivalently, the subgroup of H 2 (A) of elements that can be represented an oriented surface f :
H (A). From this definition, it may not be immediately apparent that this is a natural analogue, for the derived series, of Dwyer's Φ n , because even for N = A n , Φ N (A) is generally much smaller than Φ N (A). To see in what sense Φ (n) (A) is an analogue of Φ n (A) first recall that Dwyer's subgroup has the following equivalent reformulation. For any space X, let Φ n (X) be the subgroup of H 2 (X) consisting of those elements that can be represented by an oriented surface f : Σ → X such that, for some standard symplectic basis of curves
That is, one-half of the symplectic basis of curves maps into π 1 (X) n . Observe that if π 1 (X) n is killed then such homology classes become spherical. From this observation it is not difficult to see that Dwyer's Φ n (A) is the same as Φ n (K(A, 1)) in the sense of the reformulation (a proof is given in [24, Lemma 2.4] ). Then the correct analogue for the derived series is not to merely replace π 1 (X) n by π 1 (X) (n) in the above definition, but rather to additionally require that a full symplectic basis map into π 1 (X) (n) . Indeed Φ (n) (A) as defined above is clearly the subgroup of H 2 (A) consisting of elements represented by an oriented surface f : Σ → K(A, 1) such that, for some standard symplectic basis of curves
The following is then the main result of this paper.
Theorem 2.1 (Main Theorem). Let A be finitely-generated and B finitely related. Suppose φ : A → B induces a monomorphism on H 1 (−; Q) and induces an epimorphism φ * :
Since the torsion-free derived series of a free group is merely the ordinary derived series, we have the following application that makes no mention of the torsion-free derived series. One of the algebraic applications of the work of Stallings and Dwyer is a criterion for when a set A = {a 1 , . . . , a m } of elements of a group B generates a free subgroup A of rank m. Indeed, if B is itself a free group then it is a classical result that if A is linearly independent modulo F 2 then, for any n, it freely generates, in F/F n , a free-nilpotent subgroup [25, p.117 [15] . Our previous work on the torsion-free derived series [16] [5] has led to corresponding new "higher-order" concordance invariants arising from "higher-order" signatures and ranks [16] [17] . The theorem of Dwyer on the lower-central series and our present work on the torsion-free-derived series allow one to show that these invariants are unchanged under weaker equivalence relations involving surfaces instead of the annuli that appear in the definition of link concordance. This allows for analogues of all of the above results. These other equivalence relations on knots and links have been much studied recently in many different contexts and are related to notions of gropes [32] [10] . In particular, we show that a family of Cheeger-Gromov von Neumann ρ-invariants of links and 3-manifolds considered by Harvey in [16] are actually invariants of weaker equivalence relations involving gropes similar but more general than those considered in [6] [8] (generalizing [16] ). In Section 4 we extend the work of [16] 
The Main Theorem
In this section we recall and prove the main theorem.
Before proving Theorem 2.1, we offer reasonable motivation for the hypothesis on H 2 . Consider the epimorphism φ :
If an analog of Dwyer's theorem were to hold then φ would satisfy an appropriate condition on H 2 . Therefore let us examine the cokernel of
) and allow it to suggest a reasonable condition on H 2 . Thinking topologically, consider a normal generating set {γ i } for A (n+1) . We may obtain an Eilenberg-Maclane space
representing the γ i , and then adding cells of dimension 3 and higher. Since
is the boundary of a map f i : Σ i → K(A, 1) of a compact orientable surface Σ i with a standard symplectic basis
is generated by the set of closed surfaces {∆ i ∪ f i (Σ i )} which are n-surfaces of B as defined above.
Proof of Theorem 2.1. The proof of the first claim is by induction on n. The case n = 1 is clear since A/A (1) H is merely H 1 (A; Z)/{Z-Torsion} and the hypothesis that φ induces a monomorphism on H 1 (−; Q) implies that it also induces a monomorphism on H 1 (−; Z) modulo torsion. Now assume that the first claim holds for n, i.e. φ induces a monomorphism A/A
H . We will prove that it holds for n + 1, under the hypothesis that the cokernel of φ * :
. Hence the diagram below exists and is commutative. By the Five Lemma, it suffices to show that φ induces a monomorphism
The proof now proceeds exactly as in the proof of [5, Theorem 4.1] until we get to our Proposition 2.5, but we outline it anyway for the sake of the reader. The strategy is to show that, essentially by definition, the module
can be formulated in terms of the homology of A with certain twisted coefficients, and to then to prove the key theorem showing that an integral homology equivalence guarantees homology equivalence with twisted coefficients after certain localization (Proposition 2.5). For simplicity we abbreviate A/A (n) H by A n and B/B (n) H by B n . Note that these are solvable groups that are Z-torsion free since the successive quotients of the torsion-free derived series are torsion free modules.
Suppose that
were not injective. Then, by examining the diagram below, we see that there would exist an a ∈ A
. This is what we must contradict.
Our inductive hypothesis is that φ induces a monomorphism A n → B n and hence a ring monomorphism ZA n → ZB n . Since A n and B n are torsion free solvable groups, ZA n and ZB n are right Ore domains (see [16, 
Recall that any module over a division ring is free (a vector space). Thus any module M over an Ore Domain R has a well-defined rank which is defined to be the rank of the vector space M ⊗ R K(R) [9, p.48] . Alternatively the rank can be defined to be the maximal integer m such that M contains a submodule isomorphic to R m . We also recall that for any Ore domain R, its quotient field K(R) is a flat R-module [30, Proposition 3.5].
It will be important for the rest of the proof that the reader understand the connection between the torsion-free derived series and group homology. This is provided by the following basic observations (from [5] ).
H ], Z) and the easy observation that the latter is T or
is thought of as the first homology with twisted coefficients of an aspherical space K(A, 1) where π 1 (K(A, 1)) ∼ = A and the coefficient system is induced by
H ]) can be interpreted as the first homology module of the covering space of K(A,1) corresponding to the subgroup A 
is the kernel of the composition: 
We assert (and shall establish below) that the kernel of the vertical composition 
This finishes the inductive step of the proof of the first part of Theorem 2.1, modulo our assertion. Now we set out to establish our assertion that the kernel of ψ is the ZA n -torsion submodule of
The kernel of i is precisely this submodule since tensoring with the quotient field kills precisely the torsion submodule. Therefore it suffices to show that the other two maps in the composition are injective.
First note that id ⊗φ is injective by an application of the following elementary lemma. 
is a monomorphism (of right KH-modules). Moreover, the KH−rank of the domain of this map equals the KG−rank of the range.
Finally, to finish the proof of our assertion, we claim that the map, φ ⊗ id, shown on the right hand side of the diagram above, is also injective. We may identify the domain of φ ⊗ id with H 1 (A; KB n ) and its range with H 1 (B; KB n ). The latter is immediate since KB n is a flat ZB n -module. For the former, note that KB n is a free, and hence flat, KA n module. Moreover KA n is a flat ZA n -module. Thus KB n is a flat ZA n -module. Hence H 1 (A; KB n ) ∼ = H 1 (A; ZA n ) ⊗ ZAn KB n . The injectivity of φ⊗id now follows immediately from Proposition 2.5 below (setting Γ = B n and N = B 
is a monomorphism between modules of the same rank. The fact that this is a monomorphism follows from the first part of the theorem. Since A (n)
By Lemma 2.4, the former has K(B n )-rank equal to r A and hence so does the latter, which we have identified with H 1 (A; K(B n )). If φ induces an isomorphism on H 1 (−; Q) then note that B must be finitely generated. Hence Proposition 2.5 applies to show that H 1 (A; K(B n )) ∼ = H 1 (B; K(B n )). Thus the latter has K(B n )-rank equal to r A . But by applying the same reasoning as above, we see that it has K(B n )-rank equal to r B , the ZB n -rank of B (n)
Thus the entire proof of Theorem 2.1 is reduced to the proof of the Proposition 2.5 below.
We suppose for the four results below that Γ is a locally indicable group, R is a subring of the rationals, Z ⊂ R ⊂ Q, and that RΓ is an Ore domain (hence admitting a classical skew field of quotients K). The most common situation under which these hypotheses are satisfied is when Γ is a poly-(torsion-free-abelian) group (PTFA group), that is when Γ has a finite normal series Γ i wherein the successive quotients are torsion-free abelian groups [31, Proof of Proposition 2.5. We may consider that A, B are Eilenberg-Maclane spaces with a finite number of 1-cells for A and 2-cells for B and that φ is cellular. By replacing the chosen K(B, 1) with the mapping cylinder of φ, we may assume that K(A, 1) is a subcomplex of K(B, 1) and that the latter has a finite 2-skeleton. With such a cell structure we consider the relative cellular chain complex C * (B, A; QΓ) which will be finitely generated in dimension 2. If one thinks of ψ as inducing a principal Γ-bundle B Γ over B and ψ • φ as inducing one, A Γ , over A, then C * is merely the relative cellular chain complex for (B Γ , A Γ ) with Q coefficients. Let {Σ s | s ∈ S} denote the collection of N -surfaces in B. Since N ⊆ ker ψ, these surfaces lift to B Γ . Choose lifts {Σ s | s ∈ S}. These lifts represent classes Proving that φ * is injective with KΓ coefficients is equivalent to showing that the cokernel of π * has zero rank (is torsion) as a QΓ-module.
Letting C * = Q ⊗ QΓ C * with π # : C * → C * andx s = π # (x s ), by Proposition 2.6 (below-proof postponed) this will follow from
Proposition 2.6. Suppose C * is a projective chain complex of (right) RΓ-modules with C p finitely generated. Let C * = C * ⊗ RΓ R and π * : C * → C * be the obvious chain map sending x to x ⊗ 1. Suppose {x s | s ∈ S} is a set of p-cycles of C * . Let x s = π(x s ) and suppose the Q-rank of
Continuing with the proof of Proposition 2.5, note that C * may be identified with the ordinary cellular chain complex of (B, A) with Q-coefficients and {x s } with the 2-cycles represented by {Σ s }. Examining the exact sequence
one sees that our hypotheses are engineered precisely so that H 2 (C * ) is spanned by {Σ s }.This concludes the proof that φ * is injective with KΓ coefficients., modulo the proof of Proposition 2.6. Now suppose that in addition φ * is an isomorphism on H 1 (−; Q). Since A is finitely generated, H 1 (A; Q) ∼ = H 1 (B; Q) is finite-dimensional. Since B is finitely related this can only happen if B is finitely presented. After the mapping cylinder construction, it follows that C * (B, A; QΓ) is finitely generated in dimension 1. By Corollary 2.7 (below-proof postponed),
Corollary 2.7. Suppose C * is a projective right RΓ chain complex with C p finitely generated. Then
Remark 2.8. This Corollary is false if C p is not finitely generated.
Continuing with the proof of Proposition 2.5, it follows that φ induces an epimorphism and hence an isomorphism 
The reader can easily see that Corollary 2.7 and Proposition 2.6 are significant generalizations of the above. These key homological results of [6] were proven only in the context where the chain complexes were cellular chain complexes for a 4-dimensional manifold, so it is somewhat surprising that in fact (as shown by Corollary 2.7 and Proposition 2.6) those hypotheses turn out to be superfluous! In order to prove Corollary 2.7 and Proposition 2.6 we will need the following modest generalization, due to the authors, of a result of R. Strebel [31, p.305 ]. 
Proof of Corollary 2.7. Let r
For, since C p is finitely generated and projective, there is another such finitely generated projective module Q such that C p ⊕ Q is a finitely generated free module RΓ m . If r p = rank Q C p , r q = rank K Q, and r q = rank Q (Q ⊗ RΓ R), then clearly r p + r q = r p + r q = m. Thus it suffices to show that r p ≥ r p and r q ≥ r q since this forces r p = r p . But this follows from an easy application of Strebel's theorem: in the language of Lemma 2.10, there is a monomorphism R rp → C p that lifts to a monomorphism (RΓ) rp → C p implying that r p is at least r p . Now observe
where the inequality follows from two applications of Lemma 2.10 above.
Proof of Proposition 2.6. We shall define a projective chain complex
and then apply Corollary 2.7 to this chain complex. Set D p+1 = (⊕ s∈S RΓ) C p+1 and otherwise set
where {e s } is a basis of (RT ) s and y ∈ C p+1 , and
Then the p-cycles of D * are the same as those of C * while the group of p-boundaries is larger (includes {x s }).
It now suffices to show that the K-rank of H p (D * ) is at most k. Note that D p = C p is finitely generated. Just as above we can create a chain complex D * which agrees with C * except in dimension p + 1 where
for {ē s } a basis of R s and † y ∈ C p+1 . Then just as above:
which has Q-rank at most k by assumption. Moreover the chain map π : C * → C * extends toπ : D * → D * by settingπ(e s , y) = (ē s , π(y)), and one sees that D * = D * ⊗ RΓ R. It follows immediately from Corollary 2.7 that the K-rank of H p (D * ) is at most k. 
A Rational Dwyer's Theorem for the Lower Central Series
For completeness, we prove the missing "rational" version of Dwyer's theorem, that is the correct generalization of Stalling's Rational Theorem. This follows from the Stallings'-Dwyer techniques but was not stated by Dwyer, nor by Bousfield [1] . Proof. First we prove that 1) ⇒ 2). This is trivial if n = 1 so we assume n > 1. Consider Stallings' exact sequence [29, Section 7] . 
This completes the proof that 1) ⇒ 2). 
Q) The desired result now follows from the commutative diagram below since both horizontal maps π are surjective. [32] . These equivalence relations involved replacing the annuli in the definition of concordance by surfaces equipped with some extra structure. Below we show that our results generalize Stallings' results on link concordance to these more general equivalence relations. Moreover, recently, Harvey defined a rich new family of realvalued concordance invariants , ρ k (L), for a link L [16] . She showed that these were actually invariants of some of these weaker equivalence relations and deduced new information about the Cochran-Orr-Teichner filtration of the classical disk-link concordance group. We are able to extend and refine her results. Details follow.
Recall that Stallings showed that concordant links have exteriors whose fundamental groups are isomorphic modulo any term of the lower central series. We can prove an analogue for the derived series and moreover use our Dwyer-type theorem to generalize his result to the following equivalence relation that is weaker than concordance.
Definition 4.2. Suppose that L 0 and L 1 are oriented, ordered, m-component links of circles in S 3 . We say they are (n)-cobordant if there exist compact oriented surfaces Σ i , 1 ≤ i ≤ m, properly and disjointly embedded in S 3 × [0, 1], restricting to yield L j on S 3 × {j}, j = 0, 1, and such that, for each i, for some set of circles {a j , b j } representing a symplectic basis of curves for Σ i , the image of each of the loops Proof. We use the notation of Definition 4.2 and Proposition 4.3. By hypothesis, for each 1 ≤ i ≤ m there exist symplectic bases of circles {a ij , b ij } for Σ i whose push-offs {a
. The key observation is that H 2 (E; Z) is generated by the tori {a In [16] , Harvey defined a new family of real-valued invariants, ρ k , k ≥ 0, of closed odd-dimensional manifolds using the torsion-free derived series and a higher-order signature defect, the Cheeger-Gromov von Neumann ρ-invariant. Let M L be the closed 3-manifold associated to (S 3 , L) by performing 0-framed Dehn surgery on S 3 along the components of L [27] .
is the (k + 1)-st term of Harvey's torsion-free derived series. Then she defines ρ k (L) ≡ ρ(M L , φ k ) where the latter is the Cheeger-Gromov von Neumann ρ-invariant [3] . Actually Harvey defines and establishes these invariants independent of the work of Cheeger and Gromov, but observes that they coincide with the invariants of Cheeger-Gromov. Harvey established that these link invariants were concordance invariants by showing the manifold invariants were rational homology cobordism invariants. In particular, all of these invariants vanish for links concordant to the trivial link, called slice links, that is links whose components bound disjoint embedded disks in the 4-ball. But she went on to show that the ρ k actually respected some even weaker equivalence relations [16, Theorem 6.4] . In particular she showed that ρ n (L) vanishes for links in F (n+1) , the set of (n + 1)-solvable links, that is the n + 1−st term of the filtration of the link concordance group defined in [6, Section 8] (these are reviewed herein). This class is much larger than that of slice links. We improve on her result. Recall that an m-component link L is a finite E-link if π 1 (S 3 − L) admits a homomorphism to a finite E-group of rank m under which the longitudes map trivially (a finite E-group is one that is the fundamental group of a finite 2-complex with We remark that Harvey's additivity result for her ρ k for boundary string links should hold for any additively closed subset of E-links, such as the set of homology boundary links with a fixed "pattern" and so the word "boundary links" in the above theorem should be able to be replaced by any such set.
Secondly, our Theorem 4.4 improves on Harvey's version by proving the theorem for so-called "rational" solvability. The definition of the latter is reviewed below.
This may seem like a technical advance. However it points the way to certain further improvements in other results in the literature that we will postpone to another paper. Namely, there is a well-studied geometric notion that approximates n-solvability of links that has to with generalizing the annuli in the definition of concordance to certain 2-complexes called symmetric gropes. We shall not review these terms here, but in future paper we will show that the torsion-free derived series suggests beautiful generalizations of gropes, that we call rational homology gropes and these generalizations are the proper geometric approximation to the algebraic notion of rational n-solvability.
We briefly review the definitions of the Cheeger-Gromov von Neumann ρ−invariant (only in the cases that we need here) and (n)−solvability. More general definitions are to be found in [3] 
(n) ) with trivial normal bundles, whose geometric intersection numbers are as follows
In this case the L i are said to constitute an (n)-Lagrangian for W and the D i are said to constitute its (n)-duals. In this case we say that M is rationally (n)-solvable via W. A 3-manifold M is rationally (n.5)-solvable if it satisfies the above and in addition:
• The L i are π 1 (W ) (n+1) -surfaces which are then said to constitute an (n+1)-Lagrangian for W .
3 is said to be rationally (n)-solvable (respectively rationally (n.5)-solvable) if the zero-framed surgery M L is rationally (n)−solvable (respectively rationally (n.5)−solvable) as above. The set of (concordance classes) of such links is denoted F Q (n) (respectively F Q (n.5) ).
In [6, Sections 4 and 8] these notions and also the notions of (n)-solvable and (n.5)-solvable were defined. The latter are the same as the above except that Q is replaced by Z, and W is required to be spin. Links satisfying these stronger conditions are said to lie in F (n) and F (n.5) respectively. Note that a link that is (n)−solvable is certainly rationally (n)−solvable, and that rationally (n.5)−solvable links are certainly rationally (k)−solvable for any integer or half-integer k ≤ n.5. It is easy to see that any slice link is (n)−solvable for all n and if two links are concordant then one is (n)−solvable if and only if the other is also. † Note that a π 1 (W ) (n+1) -surface of W (sometimes called an (n+1)−surface), lifts to the regular Γ covering space of W corresponding to a map ψ : π 1 (W ) → Γ as long as Γ (n+1) = 1 since then π 1 (W ) (n+1) ⊂ ker(ψ). Thus an (n.5)-Lagrangian L lifts to generate a ZΓ−submodule of H 2 (W ; ZΓ). Since the generators of this submodule are disjoint embedded surfaces with trivial normal bundles, the ZΓ−equivariant intersection form (on H 2 (W ; ZΓ)) is identically zero on this submodule. The same holds true for H 2 (W ; KΓ). Thus if this submodule has sufficiently large rank, the von Neumann signature of the equivariant intersection form will be zero. The following generalizes [16, Theorem 6.4] where the hypothesis is that M is (n + 1)−solvable. We weaken this hypothesis to (n.5)−solvability but require an extra rank requirement.
The Proposition below was proved by Harvey under the stronger hypothesis of (n)−solvability [16, Theorem 6.4] . The interesting thing about our proof of the result below is that does not use the hypothesis that M and W are manifolds and it does not use anything about the intersection form. Rather it just uses the fact that H 2 (W ; Q) has a basis of (n)− surfaces (and the main theorem of the current paper). But this is surely true since in fact the Euler characteristic of W can be computed using KΓ-coefficients so χ(W ) = b 2 (W ) − b 1 (W ) since b 4 (W ) = b 3 (W ) = b 0 (W ) = 0. Actually for b 0 (W ) = 0 we need that β 1 (W ) = β 1 (M ) ≥ 1 to ensure that the coefficient system ψ is non-trivial ( [6, Prop.2.9] ). In the case that β 1 (W ) = β 1 (M ) = 0, both φ and ψ are trivial since Γ is poly-(torsion-free-abelian). This case was excluded by the hypotheses. However note that in this degenerate case, the von Neumann signature and the ordinary signature are identical so ρ(M, φ) = 0 automatically.
Homological Localization
Recall that in [5] the authors constructed a rational homological localization, G → G, called the torsion-free-solvable completion. This means that a rational homology equivalence A → B induces an isomorphism A → B. In the context of rational homological localization, it was suggested that this could be viewed as an analogue of the Malcev completion, G ⊗ Q, of a group G wherein one replaces the lower central series by the torsion-free derived series. Recall that G⊗Q is defined to be the inverse limits of certain n-torsion-free-nilpotent groups G/G n ⊗ Q. Similarly G was defined to be the inverse limit of a certain tower of n-torsion-free-solvable groups G n . Here we can use our version of Dwyer's theorem for the torsion-free derived series to prove that G n is functorially preserved by a larger class of maps (than rational homology equivalences).
